This paper considers the problem of constructing a direct coupled quantum observer network for a single qubit quantum system. The proposed observer consists of a network of quantum harmonic oscillators and it is shown that the observer network output converges to a consensus in a time averaged sense in which each component of the observer estimates a specified output of the quantum plant.
I. INTRODUCTION
There has been significant interest in controlling multiagent systems to achieve a consensus; e.g., see [1] , [2] . Also, the problem of consensus in multi-agent estimation problems has been considered; e.g., see [3] . In addition, consensus has been considered in quantum multi-agent systems; see [4] , [5] . The papers [6] , [7] considered the problem of constructing a direct coupling quantum observer for a given quantum system. The problem of constructing an observer for a linear quantum system has been considered for example in [8] . The theory of linear quantum systems has been of considerable interest in recent years; e.g., see [9] , [10] . For such system models, an important class of control problems are coherent quantum feedback control problems; e.g., see [9] , [11] . In these control problems, both the plant and the controller are quantum systems and the controller is designed to optimize some performance index. The coherent quantum observer problem can be regarded as a special case of the coherent quantum feedback control problem in which the objective of the observer is to estimate the system variables of the quantum plant. The papers [6] , [7] considered a direct coupling coherent observer problem in which the observer is directly coupled to the plant and not coupled via a field as in previous papers. This leads the papers [6] , [7] to consider a notion of time-averaged convergence for the observers.
We extend the results of [7] to consider a direct coupled quantum observer for a single qubit quantum plant, which is a network of quantum harmonic oscillators. This quantum network is constructed so that each output converges to the plant output of interest in a time averaged sense. This is a form of time averaged quantum consensus. Due to page limitations, some of the proofs of the main result and some details of the example have been removed and are given in the full version of the paper [12] .
II. QUANTUM SYSTEMS

Quantum Plant
We first consider the dynamics of a single qubit spin system which will correspond to the quantum plant; see also [13] . The quantum mechanical behavior of the system is described in terms of the system observables which are selfadjoint operators on the complex Hilbert space H p = C 2 . The commutator of two scalar operators x and y in H p is defined as [x, y] = xy − yx. Also, for a vector of operators x in H p , the commutator of x and a scalar operator y in H p is the vector of operators [x, y] = xy − yx.
The vector of system variables for the single qubit spin system under consideration is
where σ 1 , σ 2 and σ 3 are spin operators. Here, x p a vector of self-adjoint operators, i.e., x p = x # p . In particular x p (0) is represented by the Pauli matrices; i.e.,
The commutation relations for the spin operators are
where ijk denotes the Levi-Civita tensor. The dynamics of the system variables x are determined by the system Hamiltonian which is a self-adjoint operator on H p . The Hamiltonian is chosen to be linear in x p ; i.e.,
where r p ∈ R 3 . The plant model is then given by the differential equatioṅ
where z p denotes the system variable to be estimated by the observer and C p ∈ R 1×3 ; e.g., see [13] . Also, A p ∈ R 3×3 . In order to obtain an expression for the matrix A p in terms of r p , we define the linear mapping Θ p :
Then, it was shown in [13] that
and hence A p = −2Θ p (r p ). In addition, it is shown in [13] that the mapping Θ p (·) has the following properties:
Quantum Observer Network The quantum observer network will be a linear quantum system of the forṁ
where A is a real matrix in R n×n , and
T is a vector of system observables which are self-adjoint operators on an infinite dimensional Hilbert space H; e.g., see [9] . Here n is assumed to be an even number and n 2 is the number of modes in the quantum system.
The initial system variables x(0) = x 0 are assumed to satisfy the commutation relations
where Θ o is a real skew-symmetric matrix with components Θ jk . The matrix Θ o is assumed to be of the form
where J denotes the real skew-symmetric 2 × 2 matrix
The system dynamics (9) are determined by the system Hamiltonian which is a self-adjoint operator on the underlying Hilbert space H. For the linear quantum systems under consideration, the system Hamiltonian will be a quadratic form H = 1 2 x(0) T Rx(0), where R is a real symmetric matrix. Then, the corresponding matrix A in (9) is given by
where Θ o is defined as in (11) . e.g., see [9] . In this case, the system is said to be physically realizable and the commutation relations hold for all times greater than zero:
Remark 1: Note that that the Hamiltonian H is preserved in time for the system (9) .
We now describe the linear quantum system of the form (9) which will correspond to the quantum observer network; see also [9] , [14] , [15] . This system is described by a noncommutative differential equation of the forṁ
where the observer output z o (t) is the observer network estimate vector and
is the vector of self-adjoint non-commutative system variables; e.g., see [9] . We assume the observer network order n o is an even number with N = no 2 being the number of elements in the quantum observer network. We also assume that the plant variables commute with the observer variables. The system dynamics (14) are determined by the observer system Hamiltonian which is a self-adjoint operator on the underlying Hilbert space for the observer. For the quantum observer network under consideration, this Hamiltonian is given by a quadratic form: (14) is given by
where Θ o is defined as in (11) . Furthermore, we will assume that the quantum observer network has a graph structure and is coupled to the quantum plant. as illustrated in Figure 1 . The combined plant observer system is described by a connected graph (G, E) which has N + 1 nodes with node 0 corresponding to the quantum plant and the remaining nodes, labelled 1, 2, . . . , N, corresponding to the observer elements. This corresponds to an observer Hamiltonian of the form
where the vector of observer system variables x o is partitioned according to each element of the quantum observer network as follows
We assume that the variables for each element of the quantum observer network commute with the variables of all other elements of the quantum observer network; i.e.,
Here, x oi = q oi p oi for i = 1, 2, . . . , N where q oi is the position operator for the ith observer element and p oi is the momentum operator for the ith observer element. In addition, we define a coupling Hamiltonian which defines the coupling between the quantum plant and the quantum observer network:
Furthermore, we write
Then
, and each matrix R oi is symmetric for i = 1, 2, . . . , N, j = 1, 2, . . . , N. In addition, R c0j ∈ R 3×2 for j = 1, 2, . . . , N. Also, the matrices R cij for i = 0, 1, . . . , N, j = 1, 2, . . . , N are such that R cij = 0 if and only if (i, j) ∈ E, the set of edges for the graph (G, E).
The augmented quantum linear system consisting of the quantum plant and the quantum observer network is described by the total Hamiltonian
Then, it follows that the augmented quantum system is described by the equationṡ
e.g., see [13] . We now formally define the notion of a direct coupled linear quantum observer network.
Definition 1: The matrices R oj , R cij , C oj for i = 0, 1, . . . , N, j = 1, 2, . . . , N and the graph (G, E) define a linear quantum observer network achieving time-averaged consensus convergence for the single qubit quantum plant (2) if the corresponding augmented linear quantum system (17) is such that
III. CONSTRUCTING A DIRECT COUPLING COHERENT QUANTUM OBSERVER NETWORK
We now describe the construction of a direct coupled linear quantum observer network. In this section, we assume that A p = 0 in (2). This corresponds to r p = 0 in the plant Hamiltonian. It follows from (2) that the vector of plant system variables x p (t) will remain fixed if the plant is not coupled to the observer network. However, when the plant is coupled to the quantum observer network this will no longer be the case. We will show that if the quantum observer is suitably designed, the plant quantity to be estimated z p (t) will remain fixed and the condition (18) will be satisfied.
We assume that the matrices R cij , R oi for i = 0, 1, . . . , N, j = 1, 2, . . . , N are of the form
where α ij ∈ R 2 , β ij ∈ R 2 and ω i > 0 for i = 1, 2, . . . , N, j = 1, 2, . . . , N. Also, we assume that
for j = 1, 2, . . . , N such that (0, j) ∈ E, the set of edges for the graph (G, E). In addition, note that α ij = 0 and β ij = 0 for (i, j) ∈ E. Furthermore, we assume
for i = 1, 2, . . . , N. We will show that these assumptions imply that the quantity z p (t) = C p x p (t) will be constant for the augmented quantum system (17). Indeed, the total Hamiltonian (16) will be given by
Now using a similar calculation as in (4), we calculatė
Hence, the quantity z p (t) = C p x p (t) satisfies the differential equatioṅ
using (6) and the fact that Θ p (α) is skew symmetric. That is, the quantity z p (t) remains constant and is not affected by the coupling to the coherent quantum observer network:
Also to calculateẋ o (t), we first observe that for any i = 0, 1, . . . , N, j = 1, 2, . . . , N. (13) . Hence, using this result and a similar approach to the derivation of (12) in [9] , we obtaiṅ
= 2ω j Jx oj (t)
for j = 1, 2, . . . , N.
To construct a suitable quantum observer network, we will further assume that
for i = 1, . . . , N, j = 1, 2, . . . , N where (i, j) ∈ E. Here, α 1 ∈ R 2 and μ ij = μ ji > 0.
Also, we will assume that
for j = 1, 2, . . . , N where (0, j) ∈ E.
In order to construct suitable values for the quantities μ ij and ω i so that (18) is satisfied, we will require that
for j = 1, 2, . . . , N. This condition is equivalent to
for (0, j) ∈ E and
for (0, j) ∈ E. Then, we definẽ
for j = 1, 2, . . . , N. It follows from (29) and (25) thaṫ
We now write this equation as ⎡
where A o is an N × N block matrix with blocks then it will follow from
that (18) is satisfied. We now show that the symmetric matrix R o is positivedefinite.
Lemma 1: The matrix R o is positive definite. The proof of this lemma has been removed due to page limitations and will be given in the full version of this paper.
We now verify that the condition (18) is satisfied for the quantum observer network under consideration. We recall from Remark 1 that the quantity 1 2x o (t) T R oxo (t) remains constant in time for the linear system:
However,x o (t) = e 2ΘRotx o (0) and R o > 0. Therefore, it follows from (35) that
for all t ≥ 0. Now since Θ and R o are non-singular,
and therefore, it follows from (36) that
This implies lim T →∞ 1 T T 0x o (t)dt = 0 and hence, it follows from (32) and (34) that
Also, (24) implies
Therefore, condition (18) is satisfied. Thus, we have established the following theorem. Theorem 1: Consider a single qubit quantum plant of the form (2) where r p = 0 and hence A p = 0. Then the matrices R oi , R cij , C oi , R oi for i = 1, 2, . . . , N, j = 1, 2, . . . , N and the connected graph (G, E) will define a direct coupled quantum observer network achieving timeaveraged consensus convergence for this quantum plant if the conditions (19), (20), (21), (26), (28), (27), (30), (31) are satisfied.
Remark 2: The quantum observer network constructed above is determined by the choice of the positive parameters μ ij for i = 0, 1, . . . , N, j = 1, 2, . . . , N. A number of possible choices for these parameters could be considered. One choice is to choose all of these parameters to be the same asμ ij = ω 0 for i = 0, 1, . . . , N, j = 1, 2, . . . , N where ω 0 > 0 is a frequency parameter. Another possible approach is to choose the parameters μ ij for i = 0, 1, . . . , N, j = 1, 2, . . . , N randomly with a uniform distribution on a suitable frequency interval.
IV. ILLUSTRATIVE EXAMPLE
We now present some numerical simulations to illustrate the direct coupled quantum observer network described in the previous section. We choose the quantum plant to have A p = 0 and C p = [1 0 0]. That is, the variable to be estimated by the quantum observer is the spin operator σ 1 of the quantum plant. For the quantum observer network, we choose N = 5 so that the quantum observer network has five elements. Also, we suppose that the graph (G, E) defining the plant observer network is the complete graph corresponding to the five observer nodes and the plant node; i.e., every node is connected to every other node in this graph. In addition, we choose α 1 = [1 0] T and as discussed in Remark 2, we choose the parametersμ ij so thatμ ij = ω 0 for i = 0, 1, . . . , N, j = 1, 2, . . . , N where ω 0 = 1. Then the dynamics of the corresponding quantum observer network are defined by equations (23) and (25).
For this example, the augmented plant-observer system can be described by the equationṡ
Then, we can write x a (t) = Φ(t)x a (0) where Φ(t) = e Aat . Thus, the plant variable to be estimated z p (t) is given by z p (t) =
2N +2
i=1 e 1 C a Φ i (t)x ai (0) where C a = C p 0 0 C o , e 1 is the first unit vector in the standard basis for R N +1 , Φ i (t) is the ith column of the matrix Φ(t) and
x ai (0) is the ith component of the vector x a (0).
